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K3 SURFACES WITH NON-SYMPLECTIC INVOLUTION
AND COMPACT IRREDUCIBLE G2-MANIFOLDS
ALEXEI KOVALEV AND NAM-HOON LEE∗
Abstract. We consider the connected-summethod of constructing com-
pact Riemannian 7-manifolds with holonomy G2 developed by the first
named author. The method requires pairs of projective complex three-
folds endowed with anticanonical K3 divisors and the latter K3 surfaces
should satisfy a certain ‘matching condition’ intertwining on their peri-
ods and Ka¨hler classes. Suitable examples of threefolds were previously
obtained by blowing up curves in Fano threefolds.
In this paper, we give a large new class of suitable algebraic three-
folds using theory of K3 surfaces with non-symplectic involution due
to Nikulin. These threefolds are not obtainable from Fano threefolds
as above, and admit matching pairs leading to topologically new exam-
ples of compact irreducible G2-manifolds. ‘Geography’ of the values of
Betti numbers b2,b3 for the new (and previously known) examples of
irreducible G2 manifolds is also discussed.
1. Introduction
The G2-manifolds may be defined as 7-dimensional real manifolds en-
dowed with a positive 3-form which induces a G2-structure, and hence a
Riemannian metric, and is parallel with respect to this metric (see §2 for
details and further references). The holonomy of the metric on G2-manifold
reduces to a subgroup of the exceptional Lie group G2. Joyce [Jo1, Jo2]
constructed the first examples of compact irreducible G2-manifolds (i.e.
with holonomy exactly G2) by resolving singularities of quotients of the
flat 7-torus by appropriately chosen finite groups. Later a different type
of construction of irreducible G2-manifolds was developed in [Ko], using a
generalized connected sum. The latter method requires a pair of compact
Ka¨hler complex threefoldsW 1,W 2 with anticanonical K3 divisors satisfying
a certain ‘matching condition’. Examples of G2-manifolds given in [Ko] were
constructed from pairs of smooth Fano threefolds, say V1, V2, by choosing
K3 surfaces Si ∈ | − KVi | and blowing up each Vi along a smooth curve
Ci ∈
∣∣−KVi |Si∣∣.
In this paper, we apply the theory of K3 surfaces with non-symplectic
involution [Ni1, Ni2, Ni3] to give another suitable class of threefoldsW ; these
are not obtainable by blowing up Fano threefolds along curves as above.
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Using the connected sum method we construct hundreds of new topological
types of compact 7-manifolds with holonomy G2, not homeomorphic to those
published in [Jo2] or [Ko]. The bounds on Betti numbers attained by our
examples are 0 ≤ b2 ≤ 24, 35 ≤ b3 ≤ 239. Most (but not all) of the
G2-manifolds constructed by Joyce in [Jo1, figure 12.3] satisfy b
2 + b3 ≡ 3
mod 4. This property does not hold for many of our examples.
It is an interesting problem to find further classes of threefolds W suit-
able for application of the connected sum method [Ko]. This is essentially
a problem in algebraic geometry, as can be seen from Proposition 2.2. One
such class of threefolds arises as a direct generalization of [Ko, §6] by blow-
ing up an appropriately chosen finite sequence of curves, rather than one
curve, in a Fano threefold (Example 2.7). A full classification of appro-
priate sequences of curves extending the classification of non-singular Fano
threefolds [Is, MM1, MM2] is a separate issue to be dealt with elsewhere.
More generally, a promising strategy is to start with threefolds of negative
Kodaira dimension with vanishing cohomology of their structure sheaves
(H i(OW ) = 0 for 0 < i ≤ 3) and consider their birational transformations
which have smooth anticanonical divisors. We also note that Corti, Hask-
ins and Pacini [CHNP] found suitable examples of W using weakly Fano
threefolds.
The paper is organized as follows. We begin in §2 by giving a brief in-
troduction to the Riemannian holonomy G2 and a review of the conditions
on a pair of complex threefolds W 1,W 2 and their anticanonical K3 divi-
sors D1,D2 required for the connected sum construction. The section also
includes new remarks and observations. In §3 we recall some results about
K3 surfaces with non-symplectic involution including the important role of
sublattices of the K3 lattice. These results are applied in §4 where a class of
threefoldsW is constructed. We then apply in §5 and §6 the method of [Ko]
and show that, under rather general conditions, the latter threefolds and
the blow-ups of Fano threefolds form pairs suitable for application of the
connected sum construction and discuss the resulting examples of compact
manifolds with holonomy G2. There is also a short appendix giving possible
values of invariants of Fano threefolds and K3 surfaces with non-symplectic
involution.
2. The connected sum construction of compact irreducible
G2-manifolds
For a detailed introduction to G2-structures see [Jo2]. A G2-structure on
a 7-manifold M may be given by a real differential 3-form ϕ ∈ Ω3(M) such
that ϕ at every point of M is isomorphic to
ϕ0 = dx123 + dx145 + dx167 + dx246 − dx257 − dx347 − dx356
on Euclidean R7 with standard coordinates xk, where dxijk = dxi∧dxj∧dxk.
The stabilizer of ϕ0 in the action of GL(7,R) is the exceptional Lie group
G2 and ϕ is sometimes called a G2-form on M . As G2 ⊂ SO(7) every
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G2-structure on M determines an orientation, Riemannian metric g(ϕ) and
Hodge star ∗ϕ.
If a G2-form ϕ satisfies
dϕ = 0 and d∗ϕϕ = 0, (2.1)
then the holonomy of the metric g(ϕ) is contained in G2 [Sa, lemma 11.5]
and (M,ϕ) is called a G2-manifold. If M is compact and its fundamental
group is finite, then the holonomy representation of g(ϕ) is irreducible and
the holonomy group of g(ϕ) is exactly G2 [Jo1, proposition 10.2.2].
In this section, we give a short summary of the connected sum method
in [Ko] of constructing solutions to (2.1) and further discuss the class of
complex threefolds required for this method, as well as some topology of the
resulting G2-manifolds.
A key ingredient in the connected sum construction of irreducible
G2-manifolds is the following result producing asymptotically cylindrical
Calabi–Yau threefolds.
Theorem 2.1 ([Ko, §2, §3]). Let W be a compact Ka¨hler threefold with
Ka¨hler form ωW and suppose that D ∈ | − KW | is a K3 surface in the
anticanonical class, such that the normal bundle ND/W is holomorphically
trivial. Suppose further that W is simply-connected and the fundamental
group of W =W −D is finite.
Then W admits a complete Ricci-flat Ka¨hler metric with holonomy SU(3)
and a nowhere-vanishing holomorphic (3, 0)-form. These are exponentially
asymptotic to the product cylindrical Ricci-flat Ka¨hler structure on D1 ×
S1 × R>0 with Ka¨hler form κI + dt ∧ dθ and non-vanishing holomorphic
(3, 0)-form (κJ +
√−1κK) ∧ (dt +
√−1dθ). Here z = exp(−t − √−1 θ)
extends over D to give a holomorphic local coordinate on W vanishing to
order one precisely on D and κI is the Ricci-flat Ka¨hler metric on D in the
class [ωW |D] and κJ +
√−1κK is a non-vanishing holomorphic (2, 0)-form
on D.
The next result will be needed in §4 and can be of independent interest.
Proposition 2.2. Every threefold W satisfying the hypotheses of Theo-
rem 2.1 admits no non-zero holomorphic forms, h1,0(W ) = h2,0(W ) =
h3,0(W ) = 0. In particular, W is necessarily projective-algebraic.
Proof. The vanishing of h1,0 is clear as W is simply-connected and Ka¨hler.
Since the anticanonical bundle of W admits holomorphic sections (other
than the zero section) but KW is not holomorphically trivial, we must have
h3,0 = 0. Using the vanishing of h1,0 and h3,0 and taking the cohomology of
the structure sheaf sequence for D ⊂W ,
0→ OW (KW )→ OW → OD → 0,
we obtain an exact sequence
0→ H2(OW )→ H2(OD)→ H3(OW (KW ))→ 0,
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where we also noted that H2(OW (KW )) ∼= H1(OW ) = 0 by Serre du-
ality. Similarly, dimH3(OW (KW )) = 1, so we must have H2,0(W ) =
H2(OW ) = 0. The last claim follows by Kodaira’s embedding theorem. 
In what follows, we always assume, as we may, a Ricci-flat Ka¨hler metric
and a holomorphic (3, 0) form on W given by Theorem 2.1 are rescaled so
that the corresponding triple of 2-forms on a K3 surface D satisfies κ2I =
κ2J = κ
2
K .
Let (W1,D1) and (W2,D2) be two pairs satisfying the assertion of The-
orem 2.1. The following definition is crucial for the connected sum con-
struction of compact irreducible G2-manifolds. It relates to some standard
results about K3 surfaces; one excellent reference is [BHPV, chapter VIII].
Our notation corresponds to the property that a Ricci-flat Ka¨hler structure
on a K3 surface D is equivalent to a hyper-Ka¨hler structure: there is a triple
of complex structures I, J,K = IJ = −JI such that for each of these the
respective κI , κJ , κK is a Ka¨hler form of a Ricci-flat Ka¨hler metric and the
two remaining forms span (H2,0 ⊕H0,2)(D).
Definition 2.3. We say that a pair of Ricci-flat Ka¨hler K3 surfaces
(D1, κ
′
I , κ
′
J+
√−1κ′K), (D2, κ′′I , κ′′J+
√−1κ′′K) satisfies thematching condition
if there is an isometry of cohomology lattices h : H2(D2,Z) → H2(D1,Z),
so that the R-linear extension of h satisfies
h : [κ′′I ] 7→ [κ′J ], [κ′′J ] 7→ [κ′I ], [κ′′K ] 7→ [−κ′K ]. (2.2)
A map h satisfying the above condition is in fact a pull-back h = f∗, for
a well-defined isometry of Riemannian 4-manifolds
f : D1 → D2
satisfying f : κ′′I 7→ κ′J , κ′′J 7→ κ′I , κ′′K 7→ −κ′K [Ko, proposition 4.20].
(The map f is sometimes called a ‘hyper-Ka¨hler rotation’; f is not in general
a holomorphic map with respect to complex structures on Dj induced by
the embeddings Dj →W j , j = 1, 2.)
Each of the two 7-manifoldsWj×S1 has an asymptotically cylindrical G2-
structure ϕj = ωj∧dθj+imΩj satisfying (2.1) induced by the asymptotically
cylindrical Ricci-flat Ka¨hler structure ωj,Ωj on Wi. Here θj denotes the
standard coordinate on the S1 factor. A generalized connected sum of W1×
S1 and W2 × S1 is a compact 7-manifold
M = (W1 × S1) ∪F (W2 × S1), (2.3)
defined by truncating the ends of S1 ×Wj at t = T + 1 to obtain compact
manifolds with boundaries and identifying collar neighbourhoods Dj ×S1×
S1× [T, T +1] of the boundaries. This latter identification uses a map F of
the form
F : D1 × S1 × S1 × [T, T + 1]→ D2 × S1 × S1 × [T, T + 1],
(y, θ1, θ2, T + t) 7→ (f(y), θ2, θ1, T + 1− t).
(2.4)
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with f as defined above. The map F identifies the S1 factor in each S1×Wj
with a circle around the divisor D3−j in W 3−j , for j = 1, 2, resulting in a
finite fundamental group of M (more precisely, see (2.8a) below).
Furthermore, it is possible to smoothly cut off the G2-forms ϕj to their
asymptotic models on D1×S1×S1× [T, T +1] ⊂ S1×Wj obtaining closed
G2-forms ϕ˜j satisfying
ϕ˜j |Dj×S1×S1×[T,T+1] = κjI ∧ dθj + κjJ ∧ dθ3−j + κjK ∧ dt+ dθ3−j ∧ dθj ∧ dt.
It follows from (2.4) that F ∗ϕ2 = ϕ1 on the collar neighbourhood and so ϕ˜1
and ϕ˜2 together give a well-defined 1-parameter family of closed G2-forms
ϕ(T ) on M . The corresponding metric g(ϕ(T )) on M then has diameter
asymptotic to 2T when T →∞. The form ϕ(T ) is not co-closed but ‖d∗ϕ(T )
ϕ(T )‖ → 0 as T →∞. For every large T , the form ϕ(T ) can be perturbed
into a solution of (2.1) on M .
Theorem 2.4 ([Ko, §5]). Suppose that each of W 1,D1 and W 2,D2 satisfies
the hypotheses of Theorem 2.1 and the K3 surfaces Dj ∈ | − KW j | satisfy
the matching condition. Then the compact 7-manifold M defined in 2.3 has
finite fundamental group and admits a G2-structure ϕ satisfying (2.1), and
hence a metric g(ϕ) with holonomy equal to G2.
We can identify some topological invariants of the G2-manifold M . The
key to understanding the topology of M is a non-trivial identification be-
tween K3 surfaces D1,D2 and their second cohomology, given by Defini-
tion 2.3. The following set-up will be used several times in the paper. For
each j = 1, 2, an embedding Dj →W j induces a homomorphism
ιj : H
2(Wj ,R)→ H2(Dj ,R). (2.5)
Let
X = ι1(H
2(W1,R)) ∩ f∗ι2(H2(W2,R)),
and denote
dj = d(W j) = dimker ιj , n = dimX. (2.6)
The restriction of the intersection form on H2(D1,R) to ι1(H
2(W1,R)) is
non-degenerate with positive index 1 because W1 is Ka¨hler, h
2,0(W1) = 0
and H1,1(D1)∩H2(D1,R) is non-degenerate has positive index 1. Similarly,
considering a subspace ι2(H
2(W2,R)) in H
2(D2,R) and noting that f
∗ =
h : H2(D2,R)→ H2(D1,R) preserves the intersection form, we find that the
induced form on f∗ι2(H
2(W2,R)) is non-degenerate with positive index 1.
A class in ι2(H
2(W2,R)) with positive square is obtained by restricting
a Ka¨hler form on W2; in the notation of Theorem 2.1 and Definition 2.3
this class may be taken to be κ′′I . By (2.2), f
∗(κ′′I ) = κJ is orthogonal to
H1,1(D1), thus orthogonal to X. Similarly, κ
′
I ∈ ι1(H2(W1,R)) is orthogo-
nal to X. Therefore, X is negative-definite and there are uniquely defined
subspaces Xj so that
ι1(H
2(W1,R)) = X ⊕X1 and f∗ι2(H2(W2,R) = X ⊕X2 (2.7)
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are orthogonal direct sum decompositions, with respect to the intersection
form on D1.
Theorem 2.5. Let W j ,Dj and M be as in Theorem 2.4 with dj , n,Xj as
defined in (2.6) and (2.7). Then
π1(M) = π1(W1)× π1(W2), (2.8a)
b2(M) = n+ d1 + d2. (2.8b)
Suppose further that b2(W1)−d1+b2(W2)−d2 ≤ 22 and that X1 is orthogonal
to X2 with respect to the intersection form on H
2(D1,R). Then
b3(M) = b3(W 1) + b
3(W 2) + b
2(M)− 2n+ 23. (2.8c)
Remark. A consequence of (2.8) is that the quantity
b2(M) + b3(M) = b3(W 1) + b
3(W 2) + 2d1 + 2d2 + 23
depends only on the threefolds W j but not on the possible ambiguity of
satisfying the matching condition for K3 divisors Dj .
Proof of Theorem 2.5. This is a direct generalization of [Ko, theorems 4.28
and 8.57] and is proved by the same arguments based on application of van
Kampen theorem and Mayer–Vietoris exact sequences. The only difference
is that the computation of Betti numbers in op.cit. are carried out for a
class of threefolds W j (j = 1, 2) satisfying d(W j) = 0, but in general d(W j)
need not vanish.
As the normal bundle of Dj is trivial, Dj has a tubular neighbourhood
Uj in Wj so that Uj ⊂ WJ is homotopy equivalent to D × S1. The Mayer–
Vietoris for
W j =Wj ∪ Uj (2.9)
combined with the Ku¨nneth formula for D × S1 and the known topological
invariants of a K3 surface Dj yields
b2(W j) = b
2(Wj)+ 1 and b
3(Wj) = b
3(W j)+ 22− b2(Wj)+ dj. (2.10)
Here we also used the exact sequence for the absolute H∗(WJ) and relative
de Rham cohomology H∗c (Wj) to obtain b
4(Wj) = b
2
c(Wj) = 1 + dj .
The computation of b2(M) is straightforward from the Mayer–Vietoris
for (2.3). In order to find b3(M) we shall determine the dimension of the
kernel of
τj + ι3−j : H
3(Wj ,R)⊕H2(W3−j ,R)→ H2(Dj ,R),
where ιj : H
2(Wj ,R) → H2(Dj ,R) denotes the pull-back via the inclusion
DJ ⊂ Wj and τ : H3(Wj ,R) → H2(Dj ,R) is a composition of a similar
pull-back and the natural isomorphism H3(Dj ×S1,R) ∼= H2(Dj ,R). From
the Mayer–Vietoris for (2.9) we find dimker τj = b
3(W j).
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Lemma 2.6. For each j = 1, 2, there is an orthogonal direct sum decompo-
sition
H2(Dj ,R) = ιj(H
2(Wj ,R))⊕ τj(H3(Wj ,R))
with respect to the intersection form on H2(Dj ,R).
Assume Lemma 2.6 for the moment and then Xj , for each j, must be
a subspace of the image of τ3−j , as X3−j is orthogonal to X ⊕ Xj by the
hypothesis. It follows that rk(τj + ι3−j) = n+ rk τj = n+ b
3(Wj)− b3(W j)
using once again the Mayer–Vietoris for (2.9). Now (2.8c) follows by rank-
nullity for τj + ι3−j , the Ku¨nneth formula for Wj × S1 and the exactness of
the Mayer–Vietoris for (2.3).
To prove Lemma 2.6 we use the exactness of the sequence for H∗c (Wj ,R)
and H∗(Wj ,R) in the term H
3(Dj × S1,R) and the Poincare´ duality. The
class [ω] ∈ H2(Dj ,R) is in the image of τj if and only if [ω˜∧ω∧dθj∧dρ(t)] = 0
in H6c (Wj)
∼= R, for every class [ω˜] ∈ H2(Wj,R). Here ρ(t) denotes a
cut-off function of the cylindrical end coordinate t on Wj (as defined in
Theorem 2.1) and, as before, θj is a standard coordinate on S
1.
The class [ω˜∧ω∧dθj∧dρ(t)] is trivial in H6c (Wj) if and only if [ω˜∧ω] = 0
in H4(Dj ,R) (here we used H
5(W,R) = 0). This completes the proof of
Lemma 2.6 and Theorem 2.5. 
Suitable examples of W are found in [Ko, §6] by starting with a (smooth)
Fano threefold V with S a smooth anticanonical divisor on V (then S must
be a K3 surface). Suppose that C ∈ |−KV |S | is a connected smooth curve.
Blowing up V along C, defines a threefold W with D ⊂ W the proper
transform of S, so thatD is anticanonical divisor onW with holomorphically
trivial normal bundle. ThusW andD satisfy the hypotheses of Theorem 2.1.
Also d(W ) = 0 holds in this case, by the Lefschetz hyperplane theorem.
One instance of non-vanishing d(W ) arises via the following generalization
of [Ko, §6]. Rather than blowing up along one curve C, we now blow up V
along a finite sequence of curves. Suppose that there is a divisor
c = c1 + . . .+ cm ∈ | −KV |S |,
where all ci are connected smooth curves. We do not assume that ci are
distinct. First let σ1 : V1 → V be the blow up V along c1 and consider the
proper transform S1 of S. Since c1 lies in S, the S1 is still an anticanonical
divisor on V1 and S1 is biholomorphic to S via the restriction of ς1 = σ1|S1 .
We use ς1 to identify each ci with a curve in S1 still denoted by ci. Then
−KV1 |S1 = σ∗1(−KV )|S1−c1 = ς∗1 (−KV |S)−c1 = ς∗i (−KV |S−c1) = c2+. . .+cm
(cf. [GH, pp. 604–608]). Also V1 and V1 − S1 are simply-connected (cf. [Ko,
corollary 6.43]).
Next we blow up c2 in V1 obtaining a threefold V2 with −KV2 |S2 = c3 +
. . .+cm. Proceed recursively in this manner, blowing up ci in Vi−1 to obtain
Vi, up to i = m. Denote by W = Vm the result of this sequence of m blow-
ups and let D = Sm ⊂ W be, respectively, the result of the sequence of
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proper transforms of S. We find that D ∈ |−KW | and −KW |D = 0, that is,
the normal bundle of D is holomorphically trivial, and π1(W ) = π1(W ) = 1,
thus W and D satisfy the hypotheses of Theorem 2.1. Furthermore,
d(W ) = m− rk〈c1, · · · , cm〉,
where we used 〈c1, · · · , cm〉 to denote a (free abelian) subgroup of H2(S,Z)
generated by ci’s. Thus d(W ) > 0 whenever the images of c1, · · · , cm are
linearly dependent in H2(S,R).
Example 2.7. Let V = CP 3. Then S can be taken to be any quartic K3
surface. Let c = h1 + · · · + h4, where hi’s are smooth hyperplane sections
of S. We can construct a threefold W as above; in the present case m = 4
and d(W ) = 3. We shall return to this example in §6.2.
3. Non-symplectic involutions on K3 surfaces
A holomorphic involution ρ of a K3 surface S is called non-symplectic
when ρ∗(ω) = −ω for each ω ∈ H2,0(S). Non-symplectic involutions of K3
surfaces were studied and completely classified by V.V. Nikulin ([Ni1, Ni2,
Ni3], see also [AN, §6.3]). In this section, we recall, in summary, some results
that will be needed in this paper.
The intersection form of S makes the integral cohomology H2(S,Z) into
a lattice, i.e. a free abelian group of finite rank endowed with an integral
symmetric bilinear form. Geometric properties of S depend strongly on the
data of its second cohomology. The arithmetic of the lattice H2(S,Z) and
its sublattices plays a key role in Nikulin’s results. We begin with a brief
account of the required foundational concepts of lattice theory and refer the
reader to [BHPV, § I.2] and [Do1] for more details.
We shall use x · y ∈ Z to denote the bilinear form evaluated on two
lattice elements x, y and sometimes write x2 for the associated quadratic
form. The lattice is called even if x2 is even for every lattice vector X.
The notions of signature, non-degenerate lattice, orthogonal complement
and lattice isometries (isomorphisms) are understood relative to the bilinear
form of this lattice. By the direct sum of lattices we shall always mean the
orthogonal direct sum. The lattice is called unimodular when the matrix of
its bilinear form in some basis has determinant ±1.
A sublattice A of a lattice N is primitive if the quotient group N/A has no
torsion or, equivalently, any basis of A extends to a basis of N . In particular,
x ∈ N is a primitive element if x generates a primitive sublattice, i.e. not
divisible (in N) by an integer > 1. If a lattice is isometric to a primitive
sublattice of N then it is said to be primitively embedded in N .
For any non-degenerate lattice N the dual abelian groupN∗ = HomZ(N,Z)
naturally contains N as a subgroup, via the inclusion map x ∈ N → (x(y) :=
y · x) ∈ N∗. The quotient N∗/N is called the discriminant group of N ; this
group is finite, of order |det(ei · ej)|, for any basis {ei} of N . We denote by
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l(N) the minimal number of generators of N∗/N . This quantity satisfies
l(N) ≤ rkN (3.1)
and will be important several times later. We shall sometimes need the
induced ‘dual’ quadratic form on N∗ with values in Q and the induced qua-
dratic form N∗/N → Q/(2Z), defined in the usual way (here N is assumed
even).
It is well-known that for each K3 surface S the lattice H2(S,Z) is non-
degenerate, with signature (3, 19), unimodular, even and (hence) isomorphic
to L = 2(−E8) ⊕ 3H. Here E8 denotes the unique (up to isometry) even,
unimodular and positive definite lattice of rank 8 and H =
(
0 1
1 0
)
is the
standard hyperbolic plane lattice. We shall refer to L as the K3 lattice and
denote by O(L) its group of isometries. Any lattices considered in this paper
will be isomorphic to sublattices of L.
Denote by Lρ the set of all classes in H2(S,Z) fixed by ρ∗. It is clear
that Lρ is a primitive sublattice of H2(S,Z) and, since h2,0(S) = 1, it also
follows that Lρ is a sublattice of the Picard lattice H1,1(S)∩H2(S,Z). If h
is a class of some Ka¨hler form on S, then h+ ρ∗(h) is again a Ka¨hler class
(as ρ is holomorphic) which is also invariant under ρ∗. It is then easy to see
that Lρ must contain an (integral) Ka¨hler class, thus every K3 surface S
with non-symplectic involution ρ is algebraic.
We shall interchangeably think of ρ∗ as an involution of L (an isometry
of order 2 in O(L)) and Lρ as a sublattice of L. The sublattice Lρ is called
the invariant lattice (of ρ) and is a primitive non-degenerate (by the Hodge
index theorem) sublattice of L with signature (1, t−). Let r = 1+ t− denote
its rank.
The orthogonal complement of Lρ is the ‘anti-invariant’ sublattice, i.e.
precisely the (−1)-eigenspace of ρ∗. As L is unimodular, thus L∗ ∼= L, the
(Z-linear) orthogonal projections L→ L∗+ and L→ L∗− induce isomorphisms
of groups
L∗+/L+
∼= L/(L+ ⊕ L−) ∼= L∗−/L−. (3.2)
which are ρ-equivariant. Then every element of the group in (3.2) must have
order 2; a group with this property is called 2-elementary.
In particular, for each involution ρ, the discriminant group of the invariant
lattice (Lρ)∗/Lρ is 2-elementary, isomorphic to (Z2)
a. Clearly l(Lρ) = a in
this case.
Finally, define
δ(Lρ) =
{
0 if t2 ∈ Z for each t ∈ Lρ∗,
1 otherwise,
(3.3)
using the quadratic form on Lρ∗ with values in Q induced by the bilin-
ear form of L. Remark that the definition of δ makes sense for each non-
degenerate lattice.
10 A. KOVALEV AND N.-H. LEE
Proposition 3.1 ([Ni3, §4]). The triple (r, a, δ) defined above forms a com-
plete system of invariants which determine the involution ρ∗ and Lρ uniquely
up to isometries of L.
We shall denote by L(r, a, δ) the invariant lattice determined by (r, a, δ).
Conversely, suppose that N is a non-degenerate lattice with signature
(1, t−), primitively embedded in the K3 lattice L and such that N
∗/N is
2-elementary. Then there is an involution ρN on L with the invariant lattice
precisely N . Then ρN acts as −1 on the orthogonal complement N⊥ of N
in L and the R-linear extension of N⊥ in L ⊗ R contains a positive 2-
plane, P say. By the global Torelli theorem and the surjectivity of the
period map for K3 surfaces [BHPV, chapter VIII], there is a well-defined
(non-singular) K3 surface S with non-symplectic involution ρ, so that ρ∗ =
ρN and H
2(S,R) ∩ (H2,0 ⊕ H0,2)(S) is identified with P via (the R-linear
extension of) some lattice isomorphism H2(S,Z)→ L.
That S is non-singular can be seen by noting that LPic = P
⊥ ∩ L cor-
responds to the Picard lattice of S and the orthogonal complement of N
in LPic (relative to the bilinear form of L) cannot contain elements x with
x2 = −2. Indeed, otherwise the Riemann–Roch for the divisor x on S gives
that x or −x is effective, but ρ∗(x) = −x, which is absurd.
With the above understood, deformations families of K3 surfaces with
non-symplectic involution are identified with isomorphism classes of prim-
itive 2-elementary (1, t−)-sublattices of L with invariants (r, a, δ). All the
triples (r, a, δ) that occur for some Lρ were classified in [Ni3]. There are
75 possibilities; the range of values is 1 ≤ r ≤ 20 and 0 ≤ a ≤ 11 (see
Appendix). By (3.1), any possible triple (r, a, δ) satisfies
r − a ≥ 0. (3.4)
For a lattice N , it will be convenient to consider, following [Do2], the
concept of ample N -polarized K3 surface defined by the conditions that
its Picard lattice contains a sublattice isomorphic to N and this sublattice
contains a class represented by some Ka¨hler form (sometimes also called
an ample class). Ample polarized K3 surfaces may be thought of as a
refinement of the concept of algebraic K3 surfaces of degree 2n−2 (n ≥ 2) in
CPn; in this latter case, the lattice N is generated by one element (a Ka¨hler
form) of positive square 2n − 2. The moduli space for ample N -polarized
K3 surface is a quasiprojective variety of complex dimension 20− rkN and
is irreducible whenever N⊥ ⊂ L contains a copy of the hyperbolic plane
lattice H, cf. [Do2, proposition 5.6].
As noted above, every K3 surface S with non-symplectic involution with
invariants (r, a, δ) has an integral ample class in the invariant lattice. Thus
S is ample L(r, a, δ)-polarized. Denote by K3 (r, a, δ) := K3 L(r,a,δ) the
moduli space of L(r, a, δ) lattice polarized K3 surfaces and by K3 ′(r, a, δ) a
subspace of K3 (r, a, δ), whose elements areK3 surfaces with non-symplectic
involution with the invariant lattice isomorphic to L(r, a, δ).
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Proposition 3.2 ([AN, §6.3] or [Ni3, §4]).
(a) K3 ′(r, a, δ) is connected and Zariski open in K3 (r, a, δ).
(b) for (S, ρ) ∈ K3 ′(r, a, δ), the fixed locus of ρ is
• Sρ = ∅ if (r, a, δ) = (10, 10, 0);
• Sρ is a disjoint union of two elliptic curves if (r, a, δ) = (10, 8, 0);
• otherwise
Sρ = cg + e1 + · · · + ek, all disjoint,
where g = (22− r − a)/2, k = (r − a)/2, cg is a curve of genus
g and ei ∼= CP 1.
Remark. The invariant δ also has a geometric interpretation related to the
above proposition: it is shown in [AN] that δ(Lρ) is zero if and only if the
fixed locus Sρ of ρ on S represents a class divisible by 2 in H2(S,Z).
4. Threefolds W from non-symplectic involutions
Let ψ : CP 1 → CP 1 be any holomorphic involution fixing two distinct
points and define Z = (S × CP 1)/(ρ, ψ). Then the singular locus of Z is
a product of smooth curves and ordinary double points, resulting from the
fixed locus of ρ. LetW → Z be the blow-up along the singular locus of Z. It
is elementary to check that W is smooth. Choose a point p ∈ CP 1 such that
p 6= ψ(p). Let D′ be the image of S × {p} in Z and D be the inverse image
of D′ in W . Then D is isomorphic to S and it is an anticanonical divisor of
W with the normal bundle ND/W holomorphically trivial. One can obtain
W differently. Let q1, q2 be the fixed points of ψ, S
ρ = c1 + · · ·+ cl and Qij
be ci×{qj} ⊂ S×CP 1. Let W˜ be the blow-up of S×CP 1 along the curves
Qij’s. Then the involution on S × CP 1 induces an involution on W˜ , whose
fixed locus are the exceptional divisors over Qij. The quotient of W˜ by the
involution is isomorphic to W . This may be summarized by
W˜ −−−−→ Wy y
S × CP 1 −−−−→ Z
which is an instance of resolution of singularities diagram, for Z.
It follows from Lemma 3.2(a) that for any fixed (r, a, δ) the threefolds
W constructed from S ∈ K3 ′(r, a, δ) are deformations of each other. The
following fact will be used later:
Proposition 4.1. Suppose that κ ∈ L(r, a, δ) ⊗ R ⊂ H2(D,R) is a Ka¨hler
class. Then κ is a restriction of a Ka¨hler class in H2(W,R).
Proof. Let E1, · · · , Er be the exceptional divisors of the blow-up g : W˜ →
S×CP 1. Then g∗(κ,OCP 1(1))− ε(E1 + · · ·+Er) is a Ka¨hler class of W˜ for
sufficiently small positive ε. Since this class is invariant under the induced
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involution on W˜ , there is a Ka¨hler class κˆ ∈ H2(W,R) whose pullback via
the quotient map W˜ →W is g∗(κ,OCP 1(1))− ε(E1 + · · ·+Er). Clearly the
restriction of κˆ to D is κ. 
Our next lemma ensures that Theorem 2.1 can be applied to W and D
defined above.
Lemma 4.2. W and W := W − D are simply connected if ρ is not fixed-
point-free, i.e. if (r, a, δ) 6= (10, 10, 0).
Proof. Let Ŵ → W be the universal covering. The threefold W˜ is simply-
connected, therefore the quotient map W˜ → W lifts to a holomorphic map
W˜ → Ŵ so there is a commutative diagram:
Ŵ

W˜
//
>>
}
}
}
}
}
}
}
W.
If ρ has a fixed point, then W˜ → Ŵ cannot be a map of degree one, so it is
a map of degree two. Then Ŵ → W is of degree one and Ŵ is necessarily
isomorphic to W , thus W is simply-connected.
There is a natural projection: (S × CP 1)/(ρ, ψ) → S/ρ. Let ν be the
composition ofW → Z and (S×CP 1)/(ρ, ψ) → S/ρ. Let x ∈ S/ρ be a point
in the branch locus of the map S → S/ρ. Then ν−1(x) is a union of three
smooth rational curves, one of which (denoted by l) crosses D transversely
at a single point and the other two are disjoint from D, resulting from the
blow-up . Since W and D are simply connected, π1(W ) is generated by a
loop around D. We can assume that the loop is contained in l∗ = l − D.
Since the loop can be contracted to a point in l∗,W is simply-connected. 
Since we are only interested in the case that W is simply connected, we
will assume that (r, a, δ) 6= (10, 10, 0) in the rest of this paper.
We require Betti numbers of W for application of Theorem 2.5 later. In
light of Proposition 2.2 it suffices to find h1,1 and h1,2. Let X˜ → X be
the blow-up of smooth variety along a smooth subvariety Z. The following
formula for the topological Euler numbers is well-known:
e(X˜) = e(X) + e(E) − e(Z), (4.1)
where E is the exceptional divisor. Let X → Y be a double covering over
smooth variety Y , branched along smooth subvariety B. The following
formula is also well-known:
e(X) = 2e(Y )− e(B). (4.2)
Proposition 4.3. A threefoldW constructed from a K3 surface in K3 ′(r, a, δ),
(r, a, δ) 6= (10, 10, 0), as defined above, satisfies:
(a) h1,1(W ) = b2(W ) = 3+ 2r− a and h1,2(W ) = 12 b3(W ) = 22− r− a.
K3 SURFACES AND G2-MANIFOLDS 13
(b) rk ι = r, where ι : H2(W,R) → H2(D,R) is the restriction map
(cf. (2.5)).
Proof. (a) the Hodge number h1,1(W ) can be obtained by counting the
number of independent classes in H1,1(W˜ ) that are invariant under
the involution. Let Sρ = c1 + · · · + cl. We have, by standard results
about blow-ups (e.g. [GH, p. 605]),
H2(W˜ ,C) ∼= H2(S × CP 1,C)⊕ C2l = H2(S,C)⊕ C⊕ C2l,
using also the Ku¨nneth formula. The last two terms correspond to
H1,1(CP 1) and the exceptional divisors; all of these classes are fixed
by the involution. By the hypothesis, exactly r independent classes
in H1,1(S) are invariant under the involution, so we obtain
h1,1(W ) = r + 1 + 2l.
By Equation (4.1)), the topological Euler number of W˜ is
e(W˜ ) = 24 · 2 + 2
∑
i
e(ci)
On the other hand, we have
2e(W )−
∑
i,j
e(Qij) = e(W˜ )
by Equation (4.2). So we have
e(W ) =
1
2
∑
i,j
e(Qij) + e(W˜ )

= 2
∑
i
e(ci) + 24 +
∑
i
e(ci)
= 24 + 3
∑
i
e(ci).
Finally we have
h1,2(W ) = 1 + h1,1(W )− 1
2
e(W ) = −10 + r + 2l − 3
2
∑
i
e(ci).
(b) since h2,0(W ) = 0, we have rk (H2(W,R) → H2(D,R)) = rkC ̺,
where we denoted by ̺ : H1,1(W )→ H1,1(D) the restriction map. As
seen in the proof of (a), H1,1(W ) = A⊕C1+2l, where A ∼= L(r, a, δ)⊗
C corresponds to the classes invariant under the involution. It is easy
to see that dim ̺(A) = r and ̺(C1+2l) = 0. Thus dim im ̺ = r as
required.

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As a corollary we also compute the quantity defined in Theorem 2.5
d(W ) = dimker(H2(W,R)→ H2(D,R)) − 1
= dimker(H2(W,R)→ H2(D,R)) = 2 + r − a (4.3)
In particular, the kernel of H2(W,Z)→ H2(D,Z) contains the classes cor-
responding to exceptional divisors of the blow-up W → Z.
We find, taking account of (3.4), that the threefolds W constructed in
this section have d(W ) ≥ 2. In light of the remark at the end of §2, these
threefolds are not homeomorphic to any threefold obtainable by blowing up a
curve in a Fano threefold as in [Ko, §6]. They also cannot be homeomorphic
to the threefold in the Example 2.7 as the latter has d = 3 but according to
the classification of K3 surfaces with non-symplectic involution 2 + r− a is
always even.
5. Compact irreducible G2-manifolds
For each K3 surface S with non-symplectic involution having fixed points,
we constructed in the previous section a threefold W with D ∈ | −KW | bi-
holomorphic to S and such that the normal bundle of D is holomorphically
trivial. For a fixed isomorphism class of invariant lattice L(r, a, δ), the re-
sulting pairs (W,D) are deformations of each other. In particular, it follows
from the construction and Proposition 3.2(a) that the isomorphism classes
of K3 surfaces D arising in these pairs form a Zariski open (in particular,
open and dense) subset K3 ′(L(r, a, δ)) ⊂ K3 (L(r, a, δ)) of the space of
ample L(r, a, δ)-polarized K3 surfaces. For brevity, we shall sometimes re-
fer to such (W,D) and the respective polarizing lattice L(r, a, δ) to be of
non-symplectic type.
By Lemma 4.2 both W and W are simply-connected and by Proposi-
tion 4.1 there exists a Ka¨hler form ωW on W such that [κI ] = [ωW |D] in
H2(D,R). Thus Theorem 2.1 applies to give the following.
Proposition 5.1. Let (W,D) be of non-symplectic type and (r, a, δ) 6=
(10, 10, 0). Suppose that κJ+
√−1κK is a non-vanishing holomorphic (2, 0)-
form on D and κI is the Ka¨hler form of some Ricci-flat Ka¨hler metric on D.
Assume κ2I = κ
2
J = κ
2
K .
Then W = W − D has an asymptotically cylindrical Ricci-flat Ka¨hler
metric and holomorphic (3, 0)-form modelled on the product structure on
D × S1 × R>0 determined by κI , κJ +
√−1κK as defined in Theorem 2.1.
Another class of pairs (W,D) satisfying the hypotheses of Theorem 2.1
was given in [Ko, §6]. Recall from §2 that we start with a Fano threefold V
and consider aK3 divisor S ∈ |−KV |. Blowing-up a connected smooth curve
in V representing the self-intersection cycle S ·S (multiplication in the Chow
ring) yields a threefold W and the proper transform D of S, so that the pair
(W,D) satisfies the hypotheses of Theorem 2.1. Furthermore, D and S are
isomorphic as Ka¨hler surfaces, with Ka¨hler forms induced from respectively
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W and V and with appropriate choice of Ka¨hler form on W . By varying V
in its algebraic family and varying S in the anticanonical class we have an
ambiguity to choose D in a Zariski open subset K3 ′(L(V )) ⊂ K3 (L(V ))
of the space of ample L(V )-polarized K3 surfaces [Ko, theorem 6.45]. Here
the sublattice
L(V ) = ι∗V (H
2(V,Z)) ⊂ H2(D,Z) (5.1)
is induced by the embedding ιV : D → V and rkL(V ) = b2(V ), as in
the present case, ι∗V is injective by the Lefschetz hyperplane theorem. The
resulting pairs (W,D) are deformations of each other; we stress that the
lattice L(V ) is a topological invariant, independent of the choice of (W,D)
in its deformation class. We shall refer to such (W,D) and the respec-
tive polarizing lattice L(V ) to be of Fano type (though W is never a Fano
threefold).
The resulting class of asymptotically cylindrical Calabi–Yau threefolds
may be described as follows.
Proposition 5.2 (cf. [Ko, pp. 146–147]). Let (W,D) be of Fano type, ob-
tained from Fano threefold V . Let κJ+
√−1κK be a non-vanishing holomor-
phic (2, 0)-form on D. Suppose that κI is the Ka¨hler form of a Ricci-flat
Ka¨hler metric on D, such that the cohomology class [κI ] is induced from
some Ka¨hler form on V via the proper transform D → S ⊂ V . Assume
κ2I = κ
2
J = κ
2
K .
Then W = W − D has an asymptotically cylindrical Ricci-flat Ka¨hler
metric and holomorphic (3, 0)-form modelled on the product structure on
D × S1 × R>0 determined by κI , κJ +
√−1κK as defined in Theorem 2.1.
Remark. For notational convenience, we restrict the term ‘Fano type’ to
threefolds obtainable by blow-up of one connected curve. Thus the threefold
in Example 2.7 is not of Fano type (though it is a very natural generaliza-
tion); we discuss this threefold separately.
In this section, we shall slightly abuse the notation by writing K3 ′(Lj)
for both the non-symplectic and Fano types when, respectively, Lj = L(V )
and Lj = L(r, a, δ). However, as we shall only be using the property that
K3 ′(Lj) is some Zariski open subset of K3 (Lj) this should not cause con-
fusion.
If by deforming two pairs (W 1,D1), (W 2,D2) satisfying Theorem 2.1 and
rescaling, if necessary, the respective Ka¨hler metrics and holomorphic forms
we achieve the matching condition for D1 and D2 (Definition 2.3), then
by Theorem 2.4, the connected sum construction described in §2 yields a
compact Riemannian 7-manifold M with holonomy G2. We shall sometimes
abbreviate this by saying that a compact (irreducible) G2-manifold M is
constructed from (W 1,D1) and (W 2,D2) (or simply from W 1 and W 2, the
existence of appropriate D1 and D2 implied).
Here is the main theorem that will be applied to construct new examples
of compact 7-manifolds with holonomy G2 in this paper.
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Theorem 5.3. For j = 1, 2, let (W j,Dj) satisfy the hypotheses of Theo-
rem 2.1 with Lj the respective sublattice of the K3 lattice. Suppose that,
for each j, the K3 surfaces arising from deformations of the pair (W j ,Dj)
define a Zariski open subset in the moduli space K3 (Lj) of Lj-polarized K3
surfaces. Suppose further that at least one of the following two conditions
holds:
(a) the lattice L1 ⊕ L2 can be embedded in the K3 lattice so that the
restriction to each Lj is a primitive embedding or
(b) each (W j,Dj) is of Fano type or of non-symplectic type as defined
above and, if Lj is of non-symplectic type with invariants (rj , aj , δj),
then either (rj , aj , δj) = (10, 8, 0) or rj ≤ 5.
Then a compact irreducible G2-manifoldM can be constructed from (W 1,D1)
and (W 2,D2), in the sense defined above. Furthermore, M may be taken to
satisfy b2(M) = d1 + d2, i.e. with n = 0, in the notation of (2.6).
Theorem 5.3 is a modification of [Ko, theorem 6.44]. More explicitly,
the latter result asserts that a compact irreducible G2-manifold can be con-
structed from (W j ,Dj) when both pairs are of Fano type, which is a situa-
tion allowed by clause (b) of Theorem 5.3. Note that this includes the Fano
threefold discovered in [MM2] and not appearing in the list of [MM1] or [IP]
cited in [Ko]. On the other hand, the argument in [Ko, §6] is carried out in
such a way that it only uses the arithmetic of sublattices Lj ⊂ L and the
result that, for (Wj ,Dj) of Fano type, K3
′(Lj) is a connected Zariski open
subset of K3 (Lj) (Proposition 5.2). As we already noted in Proposition 5.1
a similar property holds when (Wj ,Dj) is of non-symplectic type.
Unfortunately, there is a mistake in Lemma 6.47 in [Ko] which is a part
of the argument of Theorem 6.44 in op.cit. in the case when the polariz-
ing sublattices have rkLj > 1. We therefore include a complete proof of
Theorem 5.3 avoiding any dependence on the affected lemma.
We begin with lattice embedding results of Nikulin [Ni2] which will be
used in the proof of Theorem 5.3 and again in §5.1.
Theorem 5.4. A primitive embedding of an even non-degenerate lattice N
of signature (t+, t−) into an even unimodular lattice E of signature (l+, l−)
exists provided t+ ≤ l+, t− ≤ l− and at least one of the following conditions
holds:
(a) 2 rkN ≤ rkE or
(b) rkN+l(N) < rkE, where l(N) is the minimum number of generators
of the discriminant group N∗/N .
If moreover t+ < l+, t− < l− and one of the following two inequalities
holds, rkN+l(N) ≤ rkE−2 or 2 rkN ≤ rkE−2, then a primitive embedding
N → E is unique, up to isometry of E.
Clause (a) is gathered from [Ni2, theorem 1.12.4] and (b) from [Ni2, corol-
lary 1.12.3], see also a simplified version given by Dolgachev [Do1, theorem
(1.4.6)]. For the uniqueness part, see [Ni2, theorem 14.4.4]. We also note
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that if an even unimodular lattice E is indefinite, then E is determined by
its signature (l+, l−) uniquely up to isometry.
Remark. The existence condition (b) in Theorem 5.4 can be slightly weak-
ened. For each prime p, let l(N)p denote the minimal number of generators
of the Sylow p-subgroup of N∗/N . Then l(N) = maxp l(N)p. In the no-
tation of Theorem 5.4, the lattice N admits a primitive embedding into E
whenever rkN+l(N)2 ≤ rkE and rkN+l(N)p < rkE for each odd prime p.
We also require an instance of primitive embedding not directly obtainable
from Theorem 5.4.
Proposition 5.5. (i) Let a lattice Lj be of Fano type and rkLj ≥ 6. Then
rkLj ≤ 10 and Lj is determined by its rank uniquely up to isomorphism
and admits a primitive embedding in −E8(2)⊕H. If rkLj = 10, then Lj is
isomorphic to the non-symplectic type lattice L(10, 8, 0) ∼= −E8(2) ⊕H.
(ii) Suppose that the polarizing lattice Lj of a K3 divisor Dj ⊂ W j has
rkLj ≤ 5. Then Lj admits a primitive embedding in −E8 ⊕ H and, if
rkLj ≤ 4, also a primitive embedding in −E8(2) ⊕ 2H.
Here −E8(2) denotes the negative-definite lattice of rank 8 obtained by
multiplying the bilinear form of −E8 by 2.
Proof. (i) Every Fano threefold V satisfies b2(V ) ≤ 10. If b2(V ) ≥ 6, then
V is biholomorphic to a product CP 1 × S11−b2(V ) [MM1, MM2]. Here Sd
denotes a del Pezzo surface of degree d biholomorphic to a blow-up of CP 2
in 9− d generic points.
The following properties of the lattice L(Sd×CP 1) are obtained by more-
or-less standard methods. The intersection form on Lj = L(V ) may be
computed as a cup product x ` y ` c1(V ) in H
even(V,Z). The generators
ofH2(S11−b2(V )×CP 1) are Poincare´ dual to the 4-cycles of CP 2×pt, ℓ×CP 1
and Ei×CP 1, where ℓ corresponds to a projective line in CP 2 and Ei are the
exceptional divisors on Sd; the Chern class c1 of the threefold corresponds
to (2, 3,−1, . . . ,−1) in this basis. Straightforward computations yield
L(Sd × CP 1) =
0 3 1t3 2 0t
1 0 Im(−2)
 . (5.2)
Here m = 9− d and we used 1 and 0 to denote a column vector in Zm with
all components equal, respectively, to 1 and to 0 and Im(−2) is an m ×m
diagonal matrix whose all diagonal entries are −2.
We find that L(Sd×CP 1), for each 1 ≤ d ≤ 8, is a primitive sublattice of
L(S1×CP 1), thus it suffices to consider (5.2) with d = 1, m = 8. The order
of the discriminant group of L(S1 × CP 1) is 256, obtained by taking the
determinant of (5.2). The rows of (5.2) give a basis of the image of L(S1 ×
CP 1) in the dual Z-module L(S1 ×CP 1)∗; the corresponding reduced basis
(in the sense of Lovasz, computed e.g. by the ‘LLL algorithm’ for integer
bilinear forms [LLL]) has an upper triangular form {e1,
∑10
i=2 ei, 2ej | j =
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3, . . . , 10} (here ej is the standard basis of Z10). It is then not difficult to
check that the discriminant group of L(S1 × CP 1) is a 2-elementary group
(Z2)
8. Therefore, by Proposition 3.1, L(S1 × CP 1) must be isomorphic to
a non-symplectic type lattice L(10, 8, 0) as δ = 0 is the only possibility
in this case according to the classification of non-symplectic involutions on
K3 surfaces, see Appendix. (It can also be checked directly that the dual
quadratic form q on L(S1 × CP 1)∗ takes only integer values.) We obtain
L(S1 ×CP 1) ∼= L(10, 8, 0) ∼= −E8(2)⊕H
and the maps
ι± : e ∈ −E8(2)→ (e,±e) ∈ 2(−E8), (5.3)
with each choice of sign, define primitive embeddings. These induce prim-
itive embeddings L(S1 × CP 1) → 2(−E8) ⊕H acting as identity on the H
component.
(ii) If Lj = L(V ) with b
2(V ) ≤ 5 or Lj = L(r, a, δ) with r ≤ 5, then Lj
has a primitive embedding in −E8 ⊕H, by Theorem 5.4.
Now suppose that rkLj ≤ 4. To obtain a primitive embedding of Lj
in a non-unimodular lattice −E8(2) ⊕ 2H we follow the method of [Ni2,
proposition 1.15.1].
The lattice −E8(2)⊕2H is a primitive sublattice of a unimodular (−2)E8⊕
2H, with the orthogonal complement isomorphic to −E8(2). Suppose that
S is a lattice containing Lj as a primitive sublattice such that the orthogonal
complement of Lj in S is isomorphic to −E8(2). Thus Lj and −E8(2) are
primitive sublattices of S and are orthogonal complements of each other and
the quotient group S/
(
Lj ⊕−E8(2)
)
is finite. The discriminant group S∗/S
is a subgroup of (L∗j/Lj)⊕(−E8(2)∗/−E8(2)). The latter quotient space has
a natural quadratic form q = qL⊕ qE with values in Q/2Z, where qL and qE
are induced by the quadratic forms of, respectively, Lj and −E8(2). It is not
difficult to check that q|S∗/S = 0. On the other hand, since the sublattices
Lj and −E8(2) are primitive in S the projections pL : S/
(
Lj ⊕ −E8(2)
) →
L∗j/Lj and pE : S/
(
Lj ⊕−E8(2)
)→ (−E8(2)∗/−E8(2)) are injective group
homomorphisms. Thus q ◦ pL = −q ◦ pE. Conversely, the ambiguity of
choosing a lattice S as above is equivalent to a choice of an isomorphism
γ : HL → HE of subgroups HL ⊂ L∗j/Lj and HE ⊂ (−E8(2))∗/ − E8(2)
satisfying qE ◦ γ = −qL. The discriminant group of S is then given by
S∗/S ∼= (((L∗j ⊕−E8(2)∗)/H)/(Lj ⊕−E8(2)))/H,
where H is the graph of γ (cf. [Ni2, propositions 1.4.1 and 1.5.1]).
The minimal number of generators of L∗j/Lj satisfies l(Lj) ≤ rkLj ≤ 4.
Let GL be the Sylow 2-subgroup of L
∗
j/Lj . Then GL has a subgroup HL
∼=
(Z2)
aL with aL = l(Lj)2 ≤ 4. We can obtain an injective homomorphism
γ : HL → (−E8(2))∗/(−E8(2)) ∼= (Z2)8 satisfying qE ◦ γ = −qL, where
HE = γ(HL). Here we used l(Lj)2 ≤ l(−E8(2))/2 and straightforward
calculation based on the ‘Jordan decomposition’ for quadratic forms over the
field Z2; we omit the details but see e.g. [AN, § 9.2]. The resulting lattice
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S has l(S)2 ≤ 9, l(S)p ≤ 4 for each prime p 6= 2 and admits a primitive
embedding ιS : S → (−2)E8 ⊕ 2H by the remark after Theorem 5.4.
The restriction of ιS to −E8(2) defines a primitive embedding −E8(2)→
2(−E8) ⊕ 2H which is unique by Theorem 5.4. By composing with an
isometry of 2(−E8) ⊕ 2H we may assume that ιS maps −E8(2) onto the
orthogonal complement of −E8(2)⊕2H in (−2)E8⊕2H. Then the restriction
of ιS to Lj gives a primitive embedding Lj → −E8(2)⊕2H. This completes
the proof of Proposition 5.5. 
Proof of Theorem 5.3. We use the argument of [Ko, pp. 149–150] adapting
it to the present situation, in combination with Proposition 5.5, to give the
proof of Theorem 5.3 in the case of hypothesis (b). A simple modification
of this argument will also prove the result in the case (a).
By the hypotheses, Theorem 2.1 holds for each (Wj ,Dj). Therefore, as
discussed above, it suffices to show that the matching condition for the
triples of cohomology classes κ
(j)
I , κ
(j)
J , κ
(j)
K ∈ H2(Dj ,Z) can be achieved by
some deformations of (Wj ,Dj) (here j = 1 or 2 corresponds to
′ or ′′ in (2.2)
and we dropped square brackets to avoid excessive notation). Our result
will then follow by application of Theorem 2.4.
For each of the K3 surfaces Dj we have a choice a lattice isometry (often
called a marking) pj : H
2(Dj ,Z) → L = 2(−E8) ⊕ 3H. Clearly, the ambi-
guity of choosing pj is the group of lattice automorphisms of L. Recall that
the Ka¨hler K3 surfaces Dj are ample Lj-polarized: Lj ⊆ ι∗jH2(W j,Z) ⊂
H2(Dj ,Z) consists of (1, 1)-classes. We may assume that the Ka¨hler class
κ
(j)
I is primitive in H
2(Dj ,Z). The restriction of pj identifies Lj with a sub-
lattice pj(Lj) of L. In terms of ‘abstract’ lattices, this defines a primitive
embedding pj : Lj → L. Conversely, any two primitive embeddings Lj → L
are related by an automorphism of L (we proved a stronger statement in
Proposition 5.5). Thus every primitive embedding Lj → L arises from some
marking pj.
The subspace Pj = H
2(Dj ,R)∩ (H2,0⊕H0,2)(Dj) is spanned by κ(j)J and
κ
(j)
K and is identified via pj with a positive-definite real 2-plane in L ⊗ R.
This 2-plane is necessarily orthogonal to the sublattice pj(Lj). Recall from
the discussion in §3 that the converse also holds, by the global Torelli theo-
rem and the surjectivity of the period map for K3 surfaces. More precisely,
every positive-definite real 2-plane P in L ⊗ R orthogonal to pj(Lj) is the
image of H2(Dj ,R) ∩ (H2,0 ⊕ H0,2)(Dj), for some ample Lj-polarized K3
surface in K3 (Lj), provided that P
⊥ ∩L, which is the image of the Picard
lattice, does not contain any elements with square −2 orthogonal to a Ka¨hler
class. (Remember that we use the bilinear form on L throughout these con-
siderations.) As we noted earlier, the K3 surfaces arising from deformations
of pairs (W j,Dj) form a Zariski open subset K3
′(Lj) ⊂ K3 (Lj). Thus
we are free to choose Pj in a Zariski open subset of the Grassmannian of
positive 2-planes orthogonal to pj(Lj).
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The task of satisfying the matching condition is now equivalently stated
in terms of sublattices of the K3 lattice. We shall sometimes write L =
(−E8)1⊕ (−E8)2⊕H1⊕H2⊕H3 to distinguish between the copies of (−E8)
and H in the direct sum.
Applying Theorem 5.4 and Proposition 5.5, we obtain for each Lj satisfy-
ing the hypothesis (b) a primitive embedding in −E8(2)⊕H when rkLj ≥ 6
or a primitive embedding in −E8 ⊕ H when rkLj ≤ 5 or a primitive em-
bedding in −E8(2) ⊕ 2H when rkLj ≤ 4. In each case, the embedding is
induced by some marking pj of Dj , j = 1, 2.
If each polarizing lattice has rkLj ≤ 5, then we choose a primitive embed-
ding Lj → (−E8)j⊕Hj for each j = 1, 2. If each Lj has rkLj ≥ 6, then there
is a primitive embedding of L1 in −E8(2)+ ⊕H1 and L2 in −E8(2)− ⊕H2.
Here we used −E8(2)± to denote the images {(e,±e) : e ∈ −E8} ⊂ 2(−E8)
of the primitive embedding ι± defined in (5.3). If say rkL1 ≥ 6 and
rkL2 ≤ 4, then L1 is primitively embedded in −E8(2)+ ⊕ H1 and L2 in
−E8(2)− ⊕H2 ⊕H3.
Finally, suppose that rkL1 ≥ 6 and rkL2 = 5. As before, we use a
primitive embedding L1 → −E8(2)+ ⊕H1. According to the classification
results, there are exactly three possibilities for L2 of Fano type and two of
non-symplectic type.
One such L2 = L(V ) of Fano type arises from V = S6×CP 1; in this case,
L2 has a primitive embedding in −E8(2)− ⊕ H2. The other two cases, V
is obtained by successively blowing up four projective lines CP 1 (satisfying
appropriate conditions), respectively, in CP 3 or in a smooth quadric Q ⊂
CP 4 [MM1]. A straightforward, though slightly lengthy, calculation shows
that the discriminant groups of L(V ) is Z4⊕Z11, for the blow-up of CP 3, and
(Z2)
3 ⊕ Z7 for the blow-up of Q. (Both groups can be determined from the
prime factorization of the determinant of L2, noting also that l(L2)2 ≡ rkL2
mod 2 cf. [Ni2, proposition 11.1.4].) In the Z4⊕Z11 case, we have l(L2) = 1
and, by the splitting theorem [Ni2, corollary 1.13.5], L2 ∼= H ⊕ L′ for some
negative-definite rank 3 lattice L′ with l(L′) = 1. We can obtain a primitive
embedding L′ → −E8(2) ⊕ H by applying, twice, an argument similar to
that of Proposition 5.5(ii). First, we choose a rank 4 lattice S′ containing
L′ as a primitive sublattice and such that (S′)∗/S′ ∼= (Z2)2 ⊕H ′, where H ′
has no elements of even order and l(S′) = l(S′)2 = 2. Then we choose a
lattice S′′ containing S′ ⊕−E8(2), such that S′′/(S′ ⊕−E8(2)) is finite and
l(S′) = l(S′)2 = 6, l(S
′′)p ≤ 2. A primitive embedding of L′ → −E8(2)⊕H
is obtained as restriction of a primitive embedding S′′ → 2(−E8)⊕H which
exists by the remark after Theorem 5.4. It follows that L′ ⊕H primitively
embeds in (−E8(2))− ⊕H2 ⊕H3.
In the case when L∗2/L2 is (Z2)
3 ⊕ Z7, an argument similar to Proposi-
tion 5.5(ii) shows that we can choose a lattice S containing L2 ⊕ −E8(2)
with S/(L2 ⊕−E8(2)) finite and with l(S)2 ≤ 7, l(S)p = 1. Then S embeds
in 2(−E8)⊕ 2H by the remark after Theorem 5.4, so L2 primitively embeds
in (−E8(2))− ⊕H2 ⊕H3.
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If L2 is of non-symplectic type then either L2 ∼= L(5, 5, 1) ∼= I4(−2)⊕1(2)
or L2 ∼= L(5, 3, 1) ∼= I3(−2) ⊕H (see Appendix), where, as before, Im(−2)
denotes a diagonal rank m matrix with entries −2. Noting from (5.2), with
m = 8, that −E8(−2)⊕H has a primitive sublattice isomorphic to I8(−2) , it
is easy to see that each of the L(5, 5, 1), L(5, 3, 1) has a primitive embedding
in −E8(2)− ⊕H2 ⊕H3.
To sum up, in each situation, we have the following orthogonality property
of the primitive embeddings pj : Lj → L. Firstly, the images of Ka¨hler
classes of D1, D2 satisfy
p1(L1)⊥p2(κ(2)I ) and p2(L2)⊥p1(κ(1)I ). (5.4)
Secondly, consider the sublattices
N3 =
(
p1(L1) ∪ p2(L2)
)⊥
, Nj =
(
pj(Lj)⊕N3
)⊥
. (5.5a)
It is easy to see that
Nj ⊆ p3−j(L3−j), Nj ⊕N3 ⊆ pj(Lj)⊥ and rk pj(Lj)⊥ = rkNj + rkN3.
(5.5b)
and that the signatures of Nj , N3 are, respectively, (1, sj), (1, s). Thus the
orthogonal complement of p1(L1) ∪ p2(L2) in L contains positive vectors.
(We actually have a stronger property p1(L1)⊥p2(L2), though this is only
required for showing b2(M) = d1 + d2 and will not be used in the anywhere
else in the proof.)
Choose a positive vector v ∈ (p1(L1)∪p2(L2))⊥ and denote κj = pj(κ(j)I ).
For each j = 1, 2, the positive 2-plane Pj through v and κj defines a K3
surface in K3 (Lj), though possibly not in the required Zariski open subset
K3 ′(Lj). In order to ensure that the K3 surfaces are in the latter Zariski
open subspaces one more step is necessary.
The family of positive 2-planes through a positive v ∈ N3 ⊗ R and a
positive vj ∈ Nj ⊗ R defines a real-analytic subvariety K3 (Lj)R of real
dimension 20 − rkLj in the moduli space K3 (Lj) of complex dimension
20− rkLj . The real subvariety K3 (Lj)R is locally modelled on the product
of projective spaces P+j × P+ of real lines in the positive cones of Nj ⊗ R
and N3 ⊗ R, On the other hand, the local Torelli theorem implies that the
complex (20 − rkLj)-dimensional moduli space K3 (Lj) is locally biholo-
morphic to the period domain {ωC ∈ P(L⊥j ⊗ C) : (ω, ω) = 0, (ω, ω¯) > 0}.
We deduce by examination of the tangent spaces that K3 (Lj)
R is not con-
tained in any complex subvariety of positive codimension in K3 (Lj). Thus
K3 (Lj)
R cannot lie in any Zariski closed subset of K3 (Lj) and has to con-
tain points defined by ‘generic’ K3 surfaces in K3 ′(Lj). The complement of
the respective generic period points in K3 (Lj)
R is the common zero set of
a finite system of real-analytic functions. By the identity theorem, this ana-
lytic subset cannot contain open neighbourhoods, so the points in K3 (Lj)
R
defined by generic K3 surfaces form a dense open subset.
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In particular, any ‘small’ neighbourhood U of v3 in N3⊗R admits a dense
open Uj ⊆ U , so that for each v ∈ Uj there is a κ˜j ∈ Nj⊗R ‘close’ to κj with
the property that the positive 2-plane through v and κ˜j defines a K3 surface
in K3 ′(Lj). (Here we used ‘small’ and ‘close’ in the sense of Euclidean norm
on Nj⊗R, temporarily ignoring the bilinear form on L.) We claim that with
v chosen in the intersection of two respective dense open subsets U1∩U2 we
achieve the matching condition.
More precisely, let j = 1. The perturbed K3 surface D1 in K3
′(L1)
is defined by a small perturbation of the 2-plane Rκ˜2 ⊕ Rv which is still
positive, so C(κ˜2+iv) is a period point and determines the complex structure
on D1. Replacing the Ka¨hler class κ1 of D1 with κ˜1 corresponds to a small
deformation κ˜
(1)
I of the Ka¨hler class on D1 (here we noted Nj ⊆ p3−j(L3−j)).
This lifts to a small deformation of the Ka¨hler form on the compact threefold
W 1 containing D1 as an anticanonical divisor because the pull-back map of
H2(W,Z) → L1 (composed with the marking) is surjective and the Ka¨hler
property is preserved by small deformations. Note that a Ka¨hler metric
corresponding to κ˜1 need not come from any projective embedding, even
thoughD1 is an algebraic surface, as the Ka¨hler class κ˜1 need not be integral.
The same argument applies mutatis-mutandis to D2. We thus obtain well-
defined ‘generic’ ample Lj-polarized, Ka¨hler K3 surfaces Dj ∈ K3 ′(Lj)
with Ka¨hler classes κ˜j and period points κ˜3−j + (−1)3−jiv.
The positive vector v is orthogonal to both p1(L1) and p2(L2) is such that
each positive 2-plane spanned by pj(κ˜
(j)
I ) and v defines a K3 surface arising
as some deformation of (W j,Dj), by Propositions 5.1 or 5.2. The R-linear
extensions pj : H
2(Dj ,R)→ L⊗ R of the markings of Dj satisfy
p1(κ˜
(1)
I ) = p2(κ˜
(2)
J ), p1(κ˜
(1)
J ) = p2(κ˜
(2)
I ), p1(κ˜
(1)
K ) = −p2(κ˜(2)K ) = v
(compare (2.2)), which is the required matching condition between K3 di-
visors D1 and D2 on some deformations of W 1 and W 2. This completes the
proof of Theorem 5.3(b).
If instead the condition (a) holds, then the sublattice L1 is orthogonal to
L2 by the hypothesis and Nj = L3−j , in the above notation. Then (5.4) is
automatically true for the given embedding of L1 ⊕ L2 in the K3 lattice.
The restriction of this embedding to Lj is a primitive embedding Lj → L
which, as discussed earlier, is induced by some well-defined marking pj :
H2(Dj ,Z)→ L. We then obtain a positive vector v ∈ H3 and proceed with
the rest of the argument as in the case (b). 
Remarks. The Betti numbers of a G2-manifold obtained via (b) are not in
general uniquely determined by those of W1,W2, but also depend on the
choice of matching (see Theorem 2.5). In the proof of Theorem 5.3(b) the
matching was chosen with p1(L1) ∩ p2(L2) = {0} as this simplifies some
details of the lattice arithmetic. However, the argument remains valid when
p1(L1) and p2(L2) intersect non-trivially, provided only that the orthogo-
nality conditions (5.4) and (5.5) hold.
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When none of the conditions (a),(b) in Theorem 5.3 is satisfied, it is
sometimes still possible to achieve matching pairsD1,D2. One such example
is identified in [KN], where both (W j,Dj) are of non-symplectic type with
the invariant lattices Lj = L(10, 8, 0), but the R-linear extensions of their
images in L intersect in a subspace of dimension 4.
5.1. Examples. We construct examples of compact G2-manifolds and com-
pute their Betti numbers using Theorem 5.3(a). If (a) holds, then the hy-
potheses of Theorem 2.5 are satisfied with n = 0 and the formulae for the
Betti numbers of resulting G2-manifold become
b2(M) = d1 + d2, (5.6a)
b3(M) = b3(W 1) + b
3(W 2) + d1 + d2 + 23. (5.6b)
If W j is of Fano type, then dj = 0 by application of Lefschetz hyperplane
theorem and
b3(W j) = b
3(Vj) + (−K3Vj ) + 2 (5.7)
where Vj is the initial Fano threefold (see [Ko, p. 154]). For W j of non-
symplectic type, we computed the quantities dj and b
3(W j) in Proposi-
tion 4.3.
If an embedding L1 ⊕ L2 → 2(−E8) ⊕ 3H is primitive, then so is the
restriction to each Lj . The following is a corollary of the embedding Theo-
rem 5.4.
Proposition 5.6. A primitive embedding of an even non-degenerate lattice
N of signature (t+, t−) into the K3 lattice 2(−E8) ⊕ 3H exists provided
t− ≤ 19, t+ ≤ 3 and one of the next two inequalities holds, rkN ≤ 11 or
l(N) + rkN < 22, where l(N) is the minimal number of generators of the
discriminant group N∗/N .
Noting that
(a) l(N) ≤ rkN ,
(b) l(N1 ⊕N2) = l(N1) + l(N2) and
(c) l(L(r, a, δ)) = a,
and taking account of Lemma 4.2, Proposition 4.3 and formulae (5.6), we ob-
tain our next result, a sufficient condition for application of Theorem 5.3(a).
Theorem 5.7. The lattice L1 ⊕ L2, defined in Theorem 5.3, can be primi-
tively embedded in the K3 lattice 2(−E8)⊕ 3H in the following cases (rj =
rkLj):
(a) W 1 and W 2 are of Fano type, respectively V1 and V2, and
r1 + r2 ≤ 11.
Then the resulting G2-manifold M has
b2(M) = 0 and b3(M) = b3(V1)−K3V1 + b3(V2)−K3V2 + 27,
where V1,V2 are the initial Fano threefolds.
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(b) W 1 is of Fano type V1 and W 2 is of non-symplectic type (r2, a2, δ2)
and
r1 + r2 ≤ 11 or 2r1 + r2 + a2 < 22.
Then the resulting G2-manifold M has
b2(M) = 2 + r2 − a2 and b3(M) = b3(V1)−K3V1 − r2 − 3a2 + 71.
(c) W 1,W 2 are of non-symplectic types (r1, a1, δ1), (r2, a2, δ2) and
r1 + r2 ≤ 11 or r1 + r2 + a1 + a2 < 22.
Then the resulting G2-manifold M has
b2(M) = 4+r1+r2−(a1+a2) and b3(M) = 115−(r1+r2)−3(a1+a2). (5.8)
All of the above G2-manifolds are simply-connected, hence irreducible.
Remark. The case (a) with r1 = 1 is a part of [Ko, theorem 8.57].
The Betti numbers of G2-manifolds given by Theorem 5.7 are readily
computed from the classification of Fano threefolds in [Is, MM1] (or [IP,
chapter 12]) and [MM2] and the classification of K3 surfaces with non-
symplectic involution in [Ni1] or [AN] (see Appendix). These Betti numbers
satisfy 0 ≤ b2(M) ≤ 24 and 53 ≤ b3(M) ≤ 239. The values of b2(M) are
even, as all the values of r − a realized by the invariant lattices L(r, a, δ)
are even. The values of b3(M) are odd as also both b3(V ) = 2h1,2(V ) and
−K3V are even for each Fano threefold V . This parity of the Betti numbers
of M is a consequence of the particular way to achieve a matching of the
K3 divisors chosen in Theorem 5.3(a) and does not hold in general for
irreducible G2-manifolds obtainable by Theorem 2.4. We give examples
with other parities of b2(M), b3(M) in §6.
TheG2-manifolds with b
2(M) = 0 given by Theorem 5.7 haveH2(M,Z) =
0 and are precisely those coming from clause (a). Many, but not all of these
are obtainable from [Ko, theorem 8.57]; neither overlap with [Jo1] which
only has one example with b2 = 0 (it has b3 = 215). The G2-manifolds
obtainable via clause (b) have b2 = 2, 4, . . . , 20 and those via clause (c)
have b2 = 4, 6, . . . , 24. We list all these pairs (b2, b3) in Table 1. There
and later in the paper the dots denote either consecutive odd integers or
consecutive even integers, according to the context. Some of these pairs
also occur in G2-manifolds constructed by Joyce in [Jo1], but most of the
examples in [Jo1] (239 out of 252) satisfy an additional relation b2 + b3 ≡ 3
mod 4. Theorem 5.7 gives many new topological types which do not satisfy
the latter relation between Betti numbers.
Altogether we obtained over 8,000 pairs of threefoldsW 1,W 2 with match-
ing K3 divisors and 379 distinct pairs of values of Betti numbers (b2, b3)
realized by the G2-manifolds from Theorem 5.7. Of these, 324 pairs (b
2, b3)
are different from those of G2-manifolds in [Jo2, figure 11.1] (note that the
latter Figure includes 5 examples from [Ko], also obtainable by Theorems 5.7
or 5.3).
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Table 1. Betti numbers of G2-manifolds from Theorem 5.7
b2
number of
values of b3
pairs (b2, b3)
0 70
55, . . . , 147,
151, . . . , 189,195,197,239
2 49
53, . . . , 131,
135, 141, 145, 149, 153, 157, 161, 165, 169, 173
4 47
59, . . . , 133,
141, 147, 151, 155, 159, 163, 167, 171, 175
6 39
61, . . . , 123,
143, 147, 149, 153, 157, 161, 165
8 36
63, . . . , 121,
145, 151, 153, 155, 159, 163
10 36
65, . . . , 123,
147, 153, 157, 159, 161, 165
12 36
67, . . . , 125,
149, 155, 159, 163, 165, 167
14 23
69, . . . , 93,
97, 99, 101, 105, 107, 111, 113, 115, 151, 157
16 14 71, 73, 75, 79, 83, 85, 87, 89, 91, 95, 99, 103, 113, 153
18 14 73, 75, 77, 81, 85, 87, 89, 91, 93, 97, 101, 105, 115, 155
20 13 75, 77, 79, 83, 87, 89, 91, 93, 99, 103, 107, 117, 157
22 1 93
24 1 95
6. Further examples of compact G2-manifolds
In this section, we give three more families of examples of G2-manifolds,
realizing 84 new values of (b2, b3), obtained by application of Theorem 5.3,
but not coming from Theorem 5.7.
6.1. From mirror pairs of K3 surfaces to compact G2-manifolds.
We shall assume r+ a 6= 22 and (r, a, δ) 6= (10, 10, 0) and let L1 = L(r, a, δ),
L2 = L(20− r, a, δ) throughout this subsection. There are 36 such pairs of
lattices. These pairs of invariant lattices are called mirror pairs and were
successfully exploited independently by C. Voisin [Vo] and C. Borcea [Bo] in
the construction of mirror pairs of Calabi–Yau threefolds. Mirror families
of K3 surfaces were also studied by Dolgachev [Do2].
Borcea and Voisin in particular noticed that there exists a primitive em-
bedding of L1, L2 into the K3 lattice L such that L
⊥
j = L3−j ⊕ H for
j = 1, 2. Thus L1 ⊕ L2 can be embedded in 2(−E8)⊕ 2H is satisfied and a
compact irreducible G2-manifold M can be constructed from the respective
pair of threefolds W j of non-symplectic type (r, a, δ) and (20 − r, a, δ) and
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Theorem 5.7(c) applies to give
b2(M) = 24− 2a, b3(M) = 95− 6a.
In this way, we obtain 11 distinct pairs of Betti numbers (b2, b3) of G2-
manifolds:
(4,35), (6, 41), (8, 47), (10, 53), (12, 59), (14, 65),
(16, 71), (18, 77), (20, 83), (22, 89), (24, 95),
(6.1)
satisfying a linear relation
b3 = 3b2 + 23.
which implies b2 + b3 ≡ 3 mod 4 satisfied by many G2-manifolds in [Jo2].
The last three pairs in (6.1) do not appear in the list [Jo2, Fig. 11.1]. Two
of these are in Table 1; the example (22, 89), to our knowledge, is new.
6.2. Using the threefold from Example 2.7. Let W 1 = W be the ob-
tained by a consecutive blow-up of four plane quartic curves ci in CP
3 as
defined in Example 2.7. For each blow-up the exceptional divisor E is a fibre
bundle over a curve of genus 3 with fibre CP 1. Applying standard theory
(e.g. [GH, p. 604–605]) we find that each blow-up increases b2 by 1 and b3
by b3(E) = 2g(ci) = 6 (cf. [Ko, p. 154]), so b
2(W ) = 4 and b3(W ) = 24.
Recall that d(W ) = 3, so the sublattice L1 of the K3 lattice corresponding
to the embedding of an anticanonical K3 divisor in W has rank r1 = 1.
As we noted earlier, the proof of Theorem 5.3 depends only on the prop-
erties of the induced sublattices of the K3 lattice and since in the present
case r1 ≤ 10 the result of Theorem 5.7(a)(b) extends as follows.
Proposition 6.1. Let W 2 be a compact threefold of Fano type or non-
symplectic type and L2 the corresponding sublattice of the K3 lattice with
r2 = rkL2 as defined in §5. If W 2 is of Fano type V2 or W 2 is of non-
symplectic type (r2, a2, δ2) with r2 + a2 < 20, then a compact irreducible
G2-manifold M can be constructed from W 2 and W with
b2(M) =
{
3,
5 + r2 − a2,
b3(M) =
{
b3(V2)−K3V2 + 52,
96− r2 − 3a2,
where the top row corresponds to W 2 of Fano type and the bottom row to
W 2 of non-symplectic type.
As in Theorem 5.7 before, we have n = 0 and d2 even. Since in the present
case d(W ) is odd, the resulting G2-manifolds have odd b
2(M) and even b3.
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The Betti numbers of the G2-manifolds obtainable from Proposition 6.1 are:
b2 = 3, b3 = 58, 64, 70, . . . , 108, 114, 116, 158,
b2 = 5, b3 = 60, 64, 68, 72, 76, 80, 84, 88, 92,
b2 = 7, b3 = 62, 66, 70, 74, 78, 82, 86, 90, 94,
b2 = 9, b3 = 64, 68, 72, 76, 80, 84,
b2 = 11, b3 = 66, 70, 74, 78, 82,
b2 = 13, b3 = 68, 72, 76, 80, 84,
b2 = 15, b3 = 70, 74, 78, 82, 86,
b2 = 17, b3 = 72, 76
(b2, b3) = (19, 74) (21, 76) and (23, 78)
There are 69 pairs, 10 of these overlap with the pairs (b2, b3) given in [Jo2,
figure 11.1]. Curiously, the overlaps occur only when W 2 is of Fano type V2
with b3(V2)−K3V2 a multiple of 4.
6.3. Examples arising from Proposition 5.5. It follows from the ar-
guments of Proposition 5.5 and Theorem 5.3 that when each of the two
polarizing lattices has a primitive embedding in −E8(2) ⊕ H we can con-
struct a compact simply-connected G2-manifold. This situation occurs when
each threefold W j is of Fano type Sd×CP 1, 1 ≤ d ≤ 8 or of non-symplectic
type with invariants (10, 8, 0). The resulting (b2, b3) are then computed as
in Theorem 5.7, according to the types of W j. We obtain 24 pairs
(0, 39 + 6k), 0 ≤ k ≤ 14; (4, 43 + 6k1), 0 ≤ k1 ≤ 7 and (8, 47).
A similar possibility occurs when both W j are of non-symplectic type
with invariants (rj , aj , δj), in the borderline case r1 + r2 + a1 + a2 = 20 and
δ1 = δ2 = 0. The formulae of Theorem 5.7(c) for (b
2, b3) apply in this case,
giving two pairs (14, 81), (22, 89).
From the 26 pairs in this subsection, 4 occur in [Jo2], 18 appeared in the
previous subsections and these 5 pairs
(0, 39), (0, 45), (0, 51), (4, 49), (22, 89)
are new, to the authors’ knowledge.
6.4. Examples with large rkL1 and rkL2 = 1. Finally, here are some
new examples of G2-manifolds with ‘larger’ values of b
2. Note that
L(19, 1, 1) ∼= 2(−E8)⊕1(−2)⊕H, and L(18, 2, 1) ∼= 2(−E8)⊕1(−2)⊕1(2),
where 1(±2) are rank 1 lattices generated by e with e · e = ±2. Thus
L(19, 1, 1) and L(18, 2, 1) can be primitively embedded in 2(−E8)⊕ 2H and
the direct sum of either of these and an even lattice L2 of rank one can be
primitively embedded in the K3 lattice. There are 17 appropriate choices of
W 2 of Fano type arising from 17 algebraic families of Fano threefolds V with
b2(V ) = 1 and one of non-symplectic type corresponding to the invariant
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lattice L(1, 1, 1) so that Theorem 5.3(a) applies. In addition, we can use the
threefold defined in Example 2.7. This gives 38 instances of generalized con-
nected sum, realizing, by calculation similar to that in Theorem 5.7(b)(c)
and Proposition 6.1, simply-connected G2-manifolds M with, respectively,
b2(M) =

2 + r1 − a1,
4 + r1 − a1,
5 + r1 − a1,
b3(M) =

b3(V2)−K3V2 − r1 − 3a1 + 71,
111− r1 − 3a1,
96− r1 − 3a1.
Here (r1, a1) is either (19, 1) or (18, 2). We obtain 28 distinct pairs of Betti
numbers, 13 of which are not in the previous subsections
b2 = 18, b3 = 69, 71, 83, 111, 153,
b2 = 20, b3 = 71, 73, 85, 95, 113, 155,
(b2, b3) = (21, 72) and (23, 74).
(6.2)
For each value of b2 in the above list, the respective values of b3 are larger
than any of those appearing in [Jo2, figure 11.1]. Thus, to our knowledge,
all of the examples of G2-manifolds in (6.2) are new.
Appendix. Invariants of Fano threefolds and non-symplectic
involutions
We give some details of classification results which were used in the cal-
culations of Betti numbers of G2-manifolds in this paper.
Complete classification of non-singular Fano threefolds is given in [Is,
MM1, MM2]; there are 105 algebraic families overall. Here we only require
the values of parameter b3(V ) −K3V realized by Fano threefolds V . These
are given in Table 2, sorted by the Picard number b2(V ) (as before, dots
between values denote consecutive even integers). The number of values in
Table 2. All possible values b2(V ), b3(V )−K3V
b2(V ) b3(V )−K3V
1 22, 24, 26, 30, 34, 36, 40, 46, 50, 54, 64, 104
2 22, . . . , 34, 38, 40, 42, 46, 48, 54, 56, 62
3 20, . . . , 52
4 26, 30, . . . , 46
5 28, 36
6 30
7 24
8 18
9 12
10 6
the second column is less than 105 as some values b3(V )−K3V are realized
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by more than one algebraic family. If b2(V ) ≥ 6, then V = S11−b2(V ) ×CP 1
is a product with a del Pezzo surface and b3(V ) = −K3V = 6(11 − b2(V )).
We also used the classification of K3 surfaces with of non-symplectic in-
volutions. Recall from Proposition 3.1 that these are determined, up to
deformation, by the triples (r, a, δ) consisting of the rank r of the invariant
sublattice Lρ of Picard lattice, the number a of generators of the discrimi-
nant group (Lρ)∗/Lρ of this sublattice, and δ = δ(Lρ) the parity of involu-
tion ρ. There are 75 possibilities for these invariants, these are conveniently
❢means δ = 0
rmeans δ = 1
✻
✲
1 2 3 4 5 6 7 8 9 1011121314151617181920
0
1
2
3
4
5
6
7
8
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10
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r❢ ❢ ❢
❢ ❢ ❢ ❢ ❢
❢ ❢ ❢
❢ ❢
❢
❢
r r r r r r
r r r r r r r
r r r r r r r r
r r r r r r r
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r r r
r r
r
r
r
r
r
r
r
r
r❢
r
r
Figure 1. All possible invariants (r, a, δ)
expressed by the Figure 1, reproduced from [Ni3, §4.5].
It is also shown in [Ni3, §4.3] that if r > 1 then Lρ may be written
as S2 ⊕ (⊕i(−Ki)), where S2 is one of the non-degenerate, signature (1, 1)
lattices H,H(2),1(2)⊕1(−2) and −Ki are the negative-definite root lattices
−A1 = 1(−2),−D2k ,−E7,−E8,−E8(2). Here, as before, the lower index
indicates the rank and the notation H(2), −E8(2) means that the bilinear
forms of H, −E8 are multiplied by 2.
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